1. Algebraic Techniques

Exercise 1A
Expanding and factorising

1
a) 4z’ +4x+1

) 922 — 24z + 16
c) 92%y? —24xy + 16
d) 922 — 24zy + 169>

(
(
(h) 4z? —9y?
(i) 622 —bry — 4y?

Q2

a) (z+3)?

b) (z+5)(z—3)
c) (2z+1)(2z—05)

o
NawZ

3(4x + 3y)(4z — 3y)

/-\A/-\A/CE\/-\/-\/-\/-\
~—

Gt+z+y)5-—z—-y)
f) (2 +3)(xz—-5)
g) (#+y+2)(z—y)
h) (z-3)(1+2)
i) (@ +y)(@+y)(z-y)
Q3
(@) z-1D)A+z+2)=z+22+2°—1—2— 22

=31
(b) From part (a), we have

(z—1DQ+z+2%)=2°-1

3

-1
T We have x # 1 because

Hence 1 + z + 22 =

the denominator cannot be zero.

(a) (4—92%)(4+92%) = (2 — 32)(2 + 3z)(4 + 92?)
() (a+2)(a® —4) = (a+2)(a+2)(a—2)

— (0 +2?(a—2)
(¢) (22—3)(3z+2)

(d) (2z — 3y)(3z + 2y)

Chapter 1 Worked Solutions

(a) (z—-D(z®+z+1)

(b) (8 —2)(9z2 + 6z + 4)

(22 +1-2) ((2z+1)*+2(2z+ 1) + 4)
= (2 — 1)(42% + 8z +7)

(a) x3—3z%y+ 3xy® — o3
(b) 3+ 3z%y + 3xy® + 43

P4
(a) RHS
=(z-1)1+z+22+23+.. 42" 242"
=+ +ad+at 4+ 42" 42
— e

=—-1+4+2z"=2"—-1=LHS
(b) Divide both sides of a) by  — 1

" —1

=l4+z+a?+ 42!
z—1
(¢) a=2,n=100 using (b)
2100_1 100
71 =2 =1l
P5
2 41=(2)>3+
= (& +1)( — 22 +1)
= (22 + 1)(2* + 222 + 1 - 32%)
= (22 +1)((2® +1)® - 32%)
= (2 +1)(22 - 2v3+1)(22 +2v3 +1)
P6
RHS

= a> + ab® + ac® — a®b — abc — a%c + ab + b3 + bc?
—ab® — b%c — abc + a’c + b*c+ & — abe — be? — ac

=a® 4+ b + ¢ — 3abe

2



2 Chapter 1 Worked Solutions

Exercise 1B
Algebraic fractions

Q1

6x

5

9x 4+ 22z  3lx

e )
3r—1-7+2x 5r—38

(c) 3 =—3

4(5z +3) —3(1 —4x) 32x+9

24 24

17

8z

5—-8 3

dr 4z

z(x+1)—z(xz—1)

(x—1)(z+1)

() 3x+5—(x+7):2x—2:2(x—1)
T — 2 z—2 T — 2

Q) 2:c+a:72: 3x — 2

z(z —2) z(z — 2)

~ 9+10z
0) 5
o @t +2Ae=2) _ Tw+6
z(xr —2)(z+2)  z(xr—2)(z+2)
3 2

oz —4) (z—2)(z—1)

_ 3(z—2)(x—1)—2(x)(z—4)
x(x—4)(x —2)(z—1)

_ 322 — 9z + 6 — 222 + 8z

 zz—4)(z-2)(z—1)

- 2 —z+6

 x(z—4)(z - 2)(z - 1)

5x 3y 3
— X —_
5y 2022 20z
oT 9 1
— X =
6 15zy 2y
w="7 lw=2w42) (w4 Aie =72
(c) X =
x+3 (x —3)2 (x+3)(z —3)

(@ (x —3)(xz+3) " 3(z—2)(z+2) _ 3(z +2)

(x=5)(z+3) (x—2)(xz—3) x—5

22(2x +3y) 22+ 3y
82 T 4z
- 1 - 1
b L% _y-a)
ry r—y Ty (y — )

1

Ly

(y+x> L -y -

Ty vy  a?y?

()

Qs

z(x+2)+1

z2 —1
2+ 1
r+1l4+x 20+1
P |
1

| (multiplying by i)
yte (multiplying by acy)
y—z zy

2 2
y+o multiplying by o
y? —a? Ty

2x+3)+z  3(z+2)

3(z+3)—x 2x+9

o z(z + 3)
Itipl b
(mu iplying y$(x+3))
1—x
=-1
r—1
(t—3)(t+3)_t+3

30t — 3) 3
3(z—1)—2(x+2)
(z+2)(z—2)(z—1)
x—17
(x4+2)(xz—2)(z—1)

2—(x+3)—5(zx—3)

(z — 3)(x + 3)
_ —6r+14  2(7-3x)
- (z=3)(z+3) (z-3)(z+3)
1 1 b+a 5
atv T T 3
1 1 v¥+a®> (a+0b)?—2ab
poll i R a2b?
_25-6 19
9 9
b+a 1 1

2 +2x+1

(z+1)(z+2) (z+1)(z+2)

(z+1)? z+1

T ()= +2) 42



P1
1+n?—-1-nn+1) n?-n2-n

n n

or, simplifying first two terms

1+n%2—1

2

n
- )=——-n—1
(n+1)="2—n

n
=n—-n—1=-1
P2
a+ —
a aq a’>+1
(d) X*:T
1 a a*—1
= =
a
a+b
b a ab  a?+0?
(b) Xi:f
a b ab a?-—0b?
b a
P3
1 1 a a
qziz X — =
1—p a a—1
1- =
a
a
a—1 _
i q _ Xa 1
qg—1 a ) a—1
a—1
now substitute (1)
p— a p—
a—(a—1) 1
P4
(a) To find the average of 2 numbers we add them and
divide by 2.
= aF
a bxab_b+a_
2 ab  2ab
or halfway between
b 1 a
a ab T ®
(b) A f1 d L
' T — and —
) verage of 5 and -4
2410 12
S 2x2x10 40

note we could also find average

1

2710 10

a+b
2ab

a+b
2ab

)
10

3

6
SO average — +2 = —

10

(d)

According to Bob the average of a and b is

and find reciprocal

a+b
2ab

T — Y=

Chapter 1 Worked Solutions

a+b

a+b
2

a+b

from (a)

(a+b)? — 4ab
2ab(a +b)
_ (a—b)?
~ 2ab(a + b)
Since a and b are positive x —y > 0
x>y

.. Bob’s average is less than actual average x.

1 1 1
w f v
1 v—f
u fu

fv
u_v—f

(2)

v— f #0is v # f also in equation if v = f RHS=0

1
—> — =0 is not valid
u

172 = (u— f)(v = f)
=ww — fo—uf + f2
substituting for fv from (a)
— v —uf —u(v — f) + f2
= f?

3



4

Chapter 1 Worked Solutions

Exercise 1C
Indices

Q1
(a)
(b)
(c)
(d)

4. 2
9z 3
4_2
52 25
3% =27
5 _ %
2) 4
13 3
1\ 2
= =53 =125
11
12
42

1
(23) 3 x28=2"9x28=2"1= 5

2x14+1=3
32w ><32 :321-1-2

33w+1
36258

4
—6 _
4z —E

427

M 22n % 23n % 24n — 210n

772 x 7
73n
3n % 32n+2

— 717571

_ 98
33n—6 =3

(3" —1)(3" + 1)
(3 -1)
5n(5" — 1)
57 — 1

=3"+1

:577/

9z _ 94
=4
92c+2 _ 94
2v+2=14
r=1
92z+2 _ 90
z=—1
or 45Tt =40
z+1=0
z=—1

22m+2 — 2—3

2x +2=-3
22 = =5

5

Y=F

33m+3 =3 x 32m72

3r+3=2z—-1

r=—4
1
1
2—7
TS
e

37(3—-1)=2x37
2"(1+2) =3 x 2"

3n(3" —1)

3n(2" —1)

33 —1)=3"(3" +1)(3" — 1)
274x _ 275

—4x = -5



231222m+2
3r=2x+2
B=2
1
4N\2—n
@Y = o
2874n:273w
8 —4dn = -3z
=38

250 =2 (2719)

23x:2x+4
3r=x+4
2 =4
r =2

2°% = 2°+4(2 — 1)

25£:2£+4
Sbr=x+4
4r =4
7= 1

22T _ 9 %27 —8=0
Let uw = 2%

w2 —2u—8=0
(u—4)(u+2)=0

u=4, =2
u=4
2% =4
Tz =2

3 x4 6" _ 6"
8 3= 2%
A /2436 X 2430 X 212x

— 1/220z — (220$)%

— 21030

Alternatively:
V24 ¢ \/42x % /84w

_ 22I % 4% x 821
— 22x X 22x X ZGI

= 210$

xr

W= =

27 =

=2

No solution

Chapter 1 Worked Solutions

P3 200
half of 2290 = 2—
— 9199

©.ox =199

P4
5"(5+1) =6 x5"
519(5 +1) _ 5100
6
P5
(a) (5% —2Y)(5% 4+ 2Y)
(b) 2% (1 —2%7) =2%(1—2°)(1+2%)

Difference of squares

P6
6 lots of 6 = 6 x 6% = 67
P7
2% +3* =17 (1)
2x2"—3x3"=-11 (2)
2x294+2x3"=34 2 x (1)
5x 3" =45 subtract
=9
3b _ 32
b=2
2%+ 32 =17 sub in (1)
2% =8
a=3
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Chapter 1 Worked Solutions

Exercise 1D
Surds

Q1
(a)

VIX54+vV16 x5 —vV9 x4 x2
=3v5 4+ 4v5 — 6v/2
=7V5 - 6v2

3v4 X 64 625 x 6 — 59 x 6
=3x%x2V6+6x5V6—5x3V6
= 6v/6 + 30v6 — 15v6

=216

4+2\/§_2(2+\/§)
= =

2\/6><3f \f

12+/21 2

5-2=3
V8x3=2V3
¢/1000 x 2 = 10¢/2
V32 x2=22

av'b
a?b
a?b

a?bv/ab

1 VB
25 VB 10

V3 VIO 5xVEx VAV _

3v2 /10 3% 10
53 V5 _ V15

NN

V2 54+V2 V254 V2)

V5

3

5v/2 + 2

5 V2 5iv2 2-2

5+v2 54+v2  25+10v2+2

X =

5—v2 5+v2 252
_27+410v2
23

1 vV3—-1 V3-1
Bl VEB-1 4
_\/3—1+\/§—1

31 4
CVB-1  V3-1

2 * 4

_2v3-2+3-1
B 4
_ 3v3-3
==

42 6
3v7T V742
_ 4 VT 6(VT-2)
SViVE 74
=27 -2(V7-2)
=4

X \ﬁ_Q
VT =2

b Vi _ avhd
o/d Vi

1 af\/li)iaf\/g
atvh a—vb @b
Lo va_ 1 Vb va_ b
va va Vb Vb oa b

1 xa\/5+c:a\/5+c
a\/g—c a\/5+c a?b —c?

1 a\/gfcx/aia\/li)fcx/g
a\/l;+cx/gxa\/l;—0\/gi a?b — c2d

(=]

4-—5=—1
25+ 10v/3 + 3 = 28 + 10+/3
25 — 204/3 + 12 = 37 — 20V/3
242V6+3=5+2/6

%%f—kxf

+

OJ
l\')

3+42/4x5 a=3,b=20
4-125+4+45 a=49,b=—-12

12— 12V18+9x 6 =12—36vV2+54 a =66,
b= —36

1—6v2+18— (4+12v/2+18) = -3 — 18V2
a=-3,b=-18



Qs
(a) VZ=3V2+2V2
=5v2
=25 x 2
= /50
oo =250
(b) v2=3V2+6v2—4v2
=5V2
L T=05
Q9

[\)

o 1 V3-B
AR TRV Y
=V3+v2+V3-V2

=2V3

1\? 1
Now (x+) :x2+2+—2
0 0

1
2v3)?2 =2 +2+ —
X

1
L+ =12-2
X
=10
1 1 v5+2

b x4+ - =+5-2+ X
(b) T VE—2 542

— /5 — £ B =50 = R

1
r—=-=v5-2—(vV5+2)=—4

T

() 5)
LTS =t B==
T & x

= (2V5)(—4) = -8V

Q10

LHS = 2° 4+ 62 + 1
=(2v2-3)24+6(2v2-3)+1
=8 12V2+9+12v2 18 +1
=0

. 2¢/2 — 3 satisfies 22 + 6z +1=0

P1

4 ><2—\/5_ 1 X9+4\/5
24v5 2—v6 9-45" 9+4/5
42-v5) 9+4V5

1 81 — 80
=4V5-8—-9—4V5=—17
P2

(a) 1 " n+l—+n
VoVn+vntl Vafl-n

n+1—+/n

1

Chapter 1 Worked Solutions

(b) Using (a) in each term
V3143 Va+Vi- 3+
-+ +v/99 — V98 + V100 — v/99
=-14+Vv100=10-1=9
P3

Ty (gi —24+ z> = 22 — 22y + y? rational number



8 Chapter 1 Worked Solutions

Chapter Review R2
. @) oly+3) =y
y—xy =3z
In each equation let the unknown be = (1—2) =3z
(a) Let Joel’s age be x, then Zach’s age is x + 4 -
r+r+4=16 - 3z
2z =12 " 1 1 1 1-w
=6 DR
*. Joel’s age is 6 and Zach’s age is 10 1 _:-¢
Y xz
(b) z— % =12 xz
y =
z—x
§x = 112
4 (c) (a—b)
3r =48 1
z=16 PR \/GT
(¢) Let cost of a card be z so cost of book is $6x
x + 61 = 28 (d) 2*=y* —dab
Tr =28 y? = 22 + 4ab
z=4 y =tV a2 + 4ab
*. Card cost is $4 and book $24
R3
(d) Let Jeremy’s age be = years old, so Natalie is bz (a)
years old. Hence, their ages in 8 years are x + 8 and
5z + 8 respectively. ) , 3V
3(z +8) = 5z + 8 (i) of=—-
2¢x =16
r—8 B = 3: but note x > 0
So Natalie is 40 years old now. 315
(ii) = =3 cm
(e) If there are x correct answers, Glen left out 6 5
questions so incorrect is 24 — x (b)
22 — 3(24 — x) = 28 .
5z = 100 (i) = —
z =20
20 correct answers P = v
mh
(f) Let the width be x. Therefore length is §x . 100 5
2 (i) r=4/%=—cm
4 m
()
) 0 =
T z+4 7T
3 r=4 ﬂ
2T 4
2
97 1
So4+4 (ii) r= 3X7X7
3 3 ~Zem
§x+4 (x+4)—=x 5% =116 2
6z + 4z + 16 = 116 R4
10z = 100 (a) Let the length be & cm, then the width is z — 6 cm.
width z = 10m, length 15m, area of pool= 150m?. P =60 =4dr —12
4 =72
z =18 cm
length of rectangle is 18 cm




Let Emma’s age be x years, therefore Robin’s age is
x + 23 years. In 6 years
x+23+6=2(x+06)

=17
Emma is 17 and Robin is 40 years old.

5z —5)+xz(x—5)=(x—5)(5+=x)
(54+2—1)(5— (2 —1)) difference of squares
=(4+2z)(6—2x)
@—y(z+y) +3@—y)=(@-y)(z+y+3)
(x+y+2)(xz+y—2)
5(16z* — y*) = 5(42® — y?)(42” + y?)

=5(2z — y)(2z + y) (422 + y?)
22(x—3)—4(z—3)=(x—3)(z—2)(z +2)
(22 — 3y)(z +y)

V24 2v2 =32
2v2+3v2 =52

2v/5 + 35 = 5v5
3v10 — 2v/10 = V10

4 —12v2+18 =22 - 12V2

6—-3=3
3+1=14
a_1:l
a

3

4 . g4 _ 2

9x* + 6x 5

32m72 % 2m+3

— —4
gmt2 » gm+2 R

Chapter 1 Worked Solutions

R9
5 lots of 5° = 5 x 5° = 56

R10
(a) 2°73 =21
xr =
(b) 2% =272
2
r=_2
3
1
(c) 22* =22
s L
4
(d) 32m71 — 30
1
=
2

() 4+3° =36
3* =9

)

(f) 22 -5x2°+4=0
(2" —4)(2* -1)=0

=2 =0
R11
(a) v2+1
2+v5)?  9+2V5
(b) 4—5 -1

(44+v2)(1 —?2)

=1l

= —(2-3V2)
=3v2-2
m)3w€+m
R12
(a) (2—v3)2=a—4Vb
—=7-4V3
a=7 b=
(b) M:a_\ﬁ,
8_?ﬁg:4—¢ﬁ
a=4 b=15



10 Chapter Worked Solutions

R13 R16
8r—32 — 12+ 3z =2 -
(a) 8z 0 T (a) a+£:2+\/§+ 1 ><2 V3
9z = —4 a 2+v3 2-3
LU =2+V3+2-43
9 —4
(b) 4z —-6=3z—1 1\ 2 .
T=25 (b) (a+a> :a2+2+§
(¢) 92—3—4x—2=-30
_ 2 2 1 .
S5z = —25 (4)"=a"+2+ — using result (a)
a
.2
9 9 C.oa +*2:16—2
(d) —4z* 4 2x —6x+3=—42° — 2+ 9z a
13z =5 =
— R17
° @) v
R14
() =681 o-7 (b) y+y?
; 10 10 (c) 3
(b) pra—y (d) 4y?
(c) 42+m4 e
B —
6
ety -y _ PP+ay—y () 8
(d) 22 — 2 T2 Y2 (g) am+n
B=l=g=I1 —6
© [(x+1)(x—1)]_(z+1)(3:—1) () 1
2@ +7)—3(x+2) y
f i Y
® (z-2)(z+2)(z+T7) (0 1+ac
(-2 2 )
$2(_xy2_)§;x2+ )&ag:/j?) ) TR
(2) sty T4y k) 1+y
) 4—(x+§)+5(x—2) (1) 2z+3y
z2 —4
_ dr — 8 _ 4 (m) 2+3i/
(z+2)(z—-2) z+2 z
N TH+3—x 3 z+
1 = y_ g
(i) (z +3)2 (z + 3)2 (n) - _1+x
. L=+l ==
V' oariE e (0) T
142y
(k) 1 Y
T, 1 oz
zts Ytz (p) —
z Ty
1 /1 1 1 L
W) Ly -1
r+y \z y Ty (a) T+y
2242
R15
y+x
i @) =
(a) z+ 2 Y-
2
1
(b) A (s) T+y
(t) -1




